Abstract: A Markovian Monte Carlo algorithm for multi-parton production in the high-energy limit is proposed and the matching with unintegrated parton densities is discussed.
Introduction
Hard scattering at hadron colliders is usually described within the framework of collinear factorisation [1, 2] . The full scattering amplitude is factorised into a hard perturbative parton scattering matrix element and process-independent universal parton distribution functions (PDFs), which depend on the flavour of the extracted parton, its energy or light-cone momentum fraction x w.r.t. the initial hadron, and on the factorisation scale µ F . The choice of this scale is, to some extent, arbitrary. By the inclusion of higher-order corrections the dependence of the cross section on this scale is diminished. At present, PDFs cannot be obtained from first principles due to their essentially non-perturbative origin, but they can be extracted from data, for example through global fits [3, 4, 5] . On the other hand, the evolution of these collinear PDFs with changing factorisation scale can be determined perturbatively. In the collinear factorisation scheme, all initial state partons are on-shell and have zero transverse momenta k ⊥ = 0. An alternative approach is the framework of k ⊥ -or highenergy factorisation. There, unintegrated PDFs (UPDFs) are convoluted with off-shell matrix elements. The PDFs are unintegrated in terms of the initial partons' k ⊥ . Initially, k ⊥ -factorisation has been formulated for heavy quark production [6, 7, 8] . The approach has been further investigated in other channels, see for instance [9, 10, 11] . The k ⊥ -factorisation has apparent advantages over conventional collinear factorisation: First, in the high-energy limit, i.e. for t ≪ s with s being large, the QCD cross section for jet production is dominated by gluon exchange diagrams, which diverge in this limit. This divergence is alleviated or even removed by realising that the 1/t divergences in the matrix element can be identified with divergences of the form 1/k 2 ⊥ and thus using a suitable form of unintegrated PDFs, vanishing fast enough for k ⊥ → 0. Second, employing UPDFs means including the leading logarithmic contribution of higher order corrections to a given process, since the effect of additional QCD radiation is encoded in them [12, 13] . Taking the high-energy limit in a given process is equivalent to the BFKL limit [14, 15] , which builds on t-channel dominance of scattering cross sections and the reggeisation of t-channel gluons [16] . In the past, there have been various approaches, aiming at a solution of the BFKL dynamics with Monte Carlo methods and thus producing exclusive final states. An approximation, aiming at a correct description of essential features of the BFKL equation and a correct extrapolation to the DGLAP regime, has been proposed in the "Linked Dipole Chain Model" [17, 18] . This model has been implemented in [19] . The scope of this approach is closely related to the CCFM equation [20, 21, 22] . Event generators based on this evolution equation have been presented in [23, 24, 25, 26] . An iterative solution of the pure BFKL equation has been proposed in [27] , iterative Monte Carlo solutions in [28, 29] . Later on, this prescription has been extended to next-to-leading logarithmic accuracy [30, 31, 32, 33] . In this paper, a different implementation of k ⊥ -factorisation for the case of multijet production is discussed. Emphasis is put on finding a gauge invariant form of the corresponding expressions and on identifying their matching to unintegrated PDFs derived from conventional collinear ones [34, 35, 36] . It turns out that this in fact can be achieved by working in the high-energy limit, using as basic building blocks splitting functions in the limit z → 0, 1 in conjunction with a proper reggeisation of all t-channel propagators. Since four-momentum conservation can explicitly be imposed in a Monte Carlo solution, this approach clearly includes effects beyond the naive leading order BFKL limit.
2 Furthermore, identifying the proba-bilistic interpretation of each emission in the high-energy limit, the Monte Carlo solution has for the first time been implemented as a Markovian approach, similar to conventional parton shower event generators. This enables generation of an a priori arbitrary number of emissions, which is important at high energies, where corrections due to large final state multiplicities are sizable. The paper is organised as follows: In Sec. 2 the procedure of [34, 35, 36, 40] (KMRW) to generate doubly unintegrated PDFs (DUPDFs) and the corresponding angular ordering constraints are reviewed. In Sec. 3 it is then shown that the leading ln(1/x) terms are correctly taken into account. Section 4 contains the description of the Markovian MC procedure to generate event topologies with an a priori undetermined number of final state partons. In Sec. 6 first results are presented and Sec. 7 contains our conclusions.
2 Unintegrated parton densities and the KMRW procedure
In this section, the KMRW procedure of constructing unintegrated PDFs from conventional DGLAP PDFs [34, 35, 36, 40] is reviewed. The discussion and notation closely follows [36, 40] . In collinear factorisation, where the transverse momenta k ⊥ of incoming partons are taken to be zero, the parton densities obey the DGLAP evolution equation [41, 42, 43, 44] , which determines the µ F -dependence at fixed light-cone momenta. This evolution equation resums leading logarithmic parts of higher perturbative orders. In a Monte Carlo formulation, real emission corrections can be implemented as a Markov chain of 1 → 2 parton splittings [45, 46, 47] . However, a study of QCD beyond double leading logarithmic order reveals that quantum coherence effects suppress parton emissions in regions of phase space, where the emission angle of the emitted parton is larger than the opening angle of the emitting colour dipole [48, 46] . To exemplify this, consider a parton evolution chain in the initial state of a DIS event, as depicted in Fig. 1 . If angular ordering is fulfilled, the momenta k i of the radiated partons will be distributed such that their angle θ i with respect to the beam direction increases from the incoming proton towards the hard scattering. To investigate the implications of this constraint, it is convenient to start with a Sudakov decomposition of the momenta [49] ,
where P is the proton momentum, q is the photon momentum and q ′ = q + x B P , with x B being the Bjørken x. In the high-energy limit, the proton mass can be neglected, m 2 p ≪ Q 2 = −q 2 . Hence q ′2 = 0 and in the Breit frame describe data. lepton-nucleon scattering. The hard scattering process is characterised by the scale µ. Usually this scale is also employed as the factorisation scale.
the momenta read
and
All emitted partons are on-shell, which allows to relate their Sudakov parameters through
where z i = x i /x i−1 . Imposing angular ordering for the emissions results in ordering of the corresponding rapidities y i , since
where 
where the rescaled transverse momentumk i = k i ⊥ /(1−z i ) has been introduced. Hence angular ordering requirements yield the constraints z iki <k i+1 and z nkn <p .
Herep = x n+1 Q √ Ξ/x B is the maximal rescaled transverse momentum which is fixed by the hard process through Ξ = (1 +β n+1 )/(x n+1 /x B − 1). Typically, in an angular ordered evolution of the parton distributions,p plays the role of the factorisation scale µ F [20, 21, 22, 50] . The above ordering procedure can be generalised to hadron-hadron collisions. In this case, both incoming particles have a partonic substructure. In general, this leads to two separate factorisation scales, µ F , for the two parton densities, respectively. In [34, 35, 36, 40] it has been shown that doubly unintegrated PDFs (DUPDFs) may be inferred from conventional DGLAP PDFs. In the following, DUPDFs will be denoted by f a (x, z, k 2 ⊥ , µ 2 F ), while their conventional DG-LAP counterpart will be denoted by f a (x, µ 2 F ). The DUPDFs must satisfy the normalisation condition
Employing the Sudakov form factor
withP ab (ζ) denoting regularised DGLAP splitting functions for the splitting a → b, a singly unintegrated parton
In the region k 2 ⊥ > µ 2 F this UPDF is set to zero. This procedure leaves some minimum k 2 ⊥ -scale to be defined, below which DGLAP parton evolution is not valid. In the following, this scale will be denoted by µ 2 0 . Relation (6) then holds true only above µ 2 0 , which yields the constraint
on the singly unintegrated PDF. Whenever UPDFs, satisfying this normalisation condition, are applied in k ⊥ -factorisation, physical observables must be insensitive to details of the infrared behaviour off a (x, k 4 Therefore, a choice can be made, for example [40] 
This choice implies that the UPDF vanishes with k 2 ⊥ for k ⊥ → 0, as required by gauge invariance [51] . 3 The factor of 1/2 in the sum over the parton species avoids double-counting s-and t-channel partons. 4 It turns out that there is no need for an explicit form of the DUPDFs below µ 2 0 , since the t-channel parton chains contain a natural cutoff in k 2 ⊥ , cf. [28] , by imposing phase space cuts given by physical observables like minijets.
Instead of the regularised splitting functionsP ab (z), unregularised splitting functions P ab (z) may safely be used here. This is because the splitting kernels are implicitly regularised by imposing the rapidity ordering constraint Eq. (3). Inserting corresponding Θ-functions in z results in the singly unintegrated quark and gluon distributions [36, 40] . The term singly unintegrated indicates that these PDFs depend on one additional variable w.r.t. the collinear ones. It is straightforward, however, to introduce an additional z-dependence by simply dropping the z-integration in Eq. (4). Such defining the DUPDF
the desired relation, Eq. (4), is satisfied for both parton species. To guarantee the consistency of the approach, the conventional DGLAP PDF employed to obtain the DUPDFs should be determined using the leading order unregularised splitting kernels employed in Eq. (7). Furthermore, a consistent treatment of the running coupling α s should be imposed.
DUPDFs as impact factors for LL BFKL evolution
In this section we argue that the DUPDFs defined above may be employed as impact factors in the calculation of multi-gluon cross sections in the high-energy limit. The argument works at leading logarithmic (LL) accuracy. The starting point is the integrated LL gluon branching probability Γ
, which determines the behaviour of the DGLAP evolution of the gluon density.
where
with P ab (z) again denoting the unregularised DGLAP splitting kernels and the integration boundaries determined by angular ordering, cf. the Θ-function in Eq. (7).
To simplify the discussion we firstly focus on Γ
only. The corresponding part of the Sudakov form factor reads
Replacing the splitting variable z of the emitter parton by the rapidity y of the emission, which, according to Eq. (2) is given by
whereα s = α s C A /π. The term z(1 − z) in the numerator corresponds to helicity non-conserving configurations in the 1 → 2 parton splittings and thus in the impact factor [52] . These configurations are absent in the highenergy limit, which simplifies the integrand of Eq. (8), such that the part of the integrated LL gluon branching probability induced by g → gg splittings reads
Keeping in mind thatα s depends on transverse degrees of freedom only, performing the y-integration results in
The order of integration in Eq. (9) may be changed,
If the running coupling is treated identically, this result agrees with the reggeisation factor of the t-channel gluon propagator found by rewriting Eq. (7) of [28] . Up to a minor transformation, this equation reads
The exponential term in the square brackets is readily identified as
wherē
which is the desired result. It has been pointed out e.g. in [13] that the comparison with NLO BFKL calculations suggests the choice α s = α s (k 2 ⊥ ), similar to the DGLAP case. Employing
we then end up with the result presented in [29] ,
.
In our numerical analyses, Λ is chosen consistent with the input PDF. Equation (11) can be used to construct the full LL BFKL kernel f through
Since rapidity ordering is trivially satisfied in the BFKL evolution, the explicit ordering requirement incorporated in the Θ-function of Eq. (10) may be dropped whenever ∆(y,ỹ) is employed.
Following the same reasoning, Γ (LL) gq is given by
In principle, this term vanishes in the high-energy limit due to the prefactor z(1 − z), thus allowing to identifȳ ∆(y,ỹ) with ∆
. However, it may be used to model quark production along the BFKL ladder, as will be discussed in Sec. 5. Similar considerations may be applied to the integrated quark branching probability. Starting from the expression
and again replacing the splitting variable z by the rapidity y results in
By identifying z = −t/s, all factors 1 − z become unity in the high-energy limit. Thus,
Simultaneously, due to the denominator part (1 − z) in P(z) quark production in the t-channel is suppressed, hence allowing to identify
However, Γ (LL)
qq (µ 2 ,μ 2 ) may be employed to model gluon emission from t-channel quark lines, as will be described in Sec. 5. The above considerations show that to leading logarithmic accuracy the DUPDFs, Eq. (7), resemble all features of the BFKL evolution. Therefore, they can safely be employed as impact factors for the calculation of cross sections in the high-energy limit.
Markovian Monte Carlo solution to the ln(1/x)-evolution
The Markovian approach to the calculation of cross sections and differential distributions in the high-energy limit will be presented in this section. The advantage of the algorithm is that the number of emissions stays a priori undetermined, similar to the case of conventional parton showers employed to solve log(Q 2 /µ 2 )-evolution [45, 46, 47] . The factorisation of the radiation pattern into individual emissions, which depend on each other merely through the correct ordering, allows to model further physics effects involving the produced outgoing partons, like for instance adding final state radiation. The basis of the formalism is encoded in Eq. (7) in [28] and Eq. (12) . These equations translate into the probability for having an additional emission from the BFKL kernel being approximately distributed according to the function
Here, y i is the rapidity of the previous and y n is the rapidity of the final emission. Such distributions may be generated employing the veto algorithm, described for example in [47] . It allows to simultaneously select the rapidity and transverse momentum of the new emission. 7 In the following, the superscripts (LL) will be dropped.
To determine the corresponding z-k ⊥ -factorisation formula, the simplest case, a gluon ladder with no emission, is investigated. This corresponds to a "2 → 0 process" in the z-k ⊥ -factorisation approach. When working in collinear factorisation rather than with the DUPDF prescription of [40] , it is a 2 → 2 process. The corresponding phase space element can thus be determined by factorising the collinear matrix element and its phase space integral. The starting point is
where the factor 1/2 is due to the identity of the final state particles, Q 2 denotes the factorisation scale,
, and the superscripts (1) and (2) refer to the left and right beam, respectively. The matrix element reads
Employing z 1 = z 2 = z, t = −zs and u = −(1 − z)s transforms this into
where terms proportional to z(1 − z) in the numerator vanish in the high-energy limit and are not explicitly displayed.
The phase space element of the general case of a gluon ladder with an arbitrary number of gluons emitted between the two outermost jets can be derived by combining their momenta into one final state momentum K. Ignoring the substructure of K, the differential two-particle initial and final state phase space element for the remaining degrees of freedom reads
with P again the total four momentum of the process. Employing the four-dimensional δ-function and the relations dξ (1) dξ (2) = dyds/S and dp
Furthermore, the definitionP = P − k 2 allows to rewrite
Using P = √ s (cosh y, 0, sinh y) gives
such that
Finally, when fixing the factorisation scale in Eq. (15) and the renormalisation scale in Eq. (16) to be the transverse momentum in the process and adding a Regge suppression factor for the t-channel gluon, the z-k ⊥ -factorisation formula reads
Here,f g is defined such that only gluon splittings are contained in the sum over parton species of Eq. (7) and angular ordering is implemented by the DUPDFs, whilē ∆ g (y 1 , y 2 ) is given by Eq. (12). The superscripts (1) and (2) refer to the left and right beam, respectively. Since the emitted gluons are distinguishable due to rapidity ordering, the symmetry factor 1/2 appearing in Eq. (16) must be dropped. The factorisation scale µ F of each DUPDF introduced in Eq. (7) is unambiguously determined by the rescaled transverse momentumk ⊥ of the emissions. Equation (17) describes a gluon ladder with no rung, but it can be easily extended to final states with an arbitrary number of gluons. In contrast to the previous case, the momentum fractions z (1) and z (2) are then generally different from each other. Hence we define the rescaled transverse momentak
n−1⊥ = k n−1⊥ /(1 − z (2) ). Employing Eq. (7) of [28] , the cross section for the 2 → n gluon scattering reads
The corresponding Monte Carlo event generation algorithm can be described as follows:
1. Determine the kinematics of the first emission and the rapidity of the last emission according to the modified z-k ⊥ -factorisation formula, Eq. (18).
2. As long as phase space allows, choose a new rapidity y i according to Eq. (14) and a new transverse momentum k i⊥ . The corresponding cuts on the individual emissions have already been discussed in [28] . In the notation employed ibidem, they are given by 3. Fix the transverse momentum of the last emission through overall momentum conservation.
Model for quark production
So far, it has been shown that Eq. (18) yields the correct LL gluon evolution in the high-energy limit. In this limit quark production is strongly suppressed due to the spin structure entering the corresponding vertices. However, energies and rapidity intervals at real colliders are finite and quarks do appear as final state partons. Since, for instance, heavy quark production is of large phenomenological interest, it needs to be described. In our approach we aim at not spoiling the high-energy gluon evolution. Therefore we choose to model quark production within the BFKL ladder structure by simply adding a g * q * → q effective vertex, which vanishes in the high-energy limit, but keeping the finite, non-leading terms. Additionally, quarks can be produced by employing qg * → q and* → g impact factors contained within the DUPDFs. These quarks may further radiate gluons, which is modelled by a q * q * → g vertex. Figure 2 shows a possible configuration of quark production. Following Sec. 3, the remaining vertices are then readily determined. At leading logarithmic accuracy they are
Fig . 2 Multi-Regge amplitude including the emission of a quark pair with the particle indices i and i + 1. The shaded blobs represent the vertices proposed in Eq. (19) .
given by the corresponding DGLAP splitting functions in the high-energy limit,
Then, the general case of a parton cascade in the highenergy limit reads
where now both quarks and gluons are contained in the sums over parton species. If heavy quarks are included in the simulation, their masses are taken care of in the Reggeisation factor and the phase space integration. Following the discussion in [53] , the branching probability Γ (LL) Q (y,ỹ) for heavy quarks of mass m is modified by
Accordingly all external momenta are constructed employing the correct on-shell masses of the corresponding particles.
Results
In this section, results obtained with the Monte Carlo algorithm described above will be presented. All of them have been obtained with an implementation into the MC event generator Sherpa [54] . cross-checked our calculations with a different integration method. This method uses an iterative approach to generate event topologies for a fixed number of final state particles, as explained in the appendix. We found no deviations from our results generated in the Markovian approach. Firstly, we focus on purely gluonic processes, reflecting the behaviour of the LO BFKL equation. This essentially translates into invoking Eq. (18) for event generation. In Fig. 3 the azimuthally averaged k n⊥ spectrum f (k n⊥ ) = f (k n⊥ ) φ is shown, where we have fixed k 1⊥ = 50 GeV and ∆y = 4, and where the DUPDFs have been set to 1. Therefore, this plot investigates the behaviour of the BFKL kernel, Eq. (13), only. As collider setup, the LHC with a c.m. energy of 14 TeV has been chosen. In the fixed coupling solution α s has been evaluated at scale k 2 1⊥ . The figure shows the effect of going from a fixed coupling and unconstrained kinematics to a running coupling with kinematical constraints, which considerably widens the distribution. Also, since α s is typically evaluated at smaller scales,f is significantly enhanced. The large influence of kinematical constraints and running coupling on the BFKL dynamics has already been noted, e.g. in [32, 39] . As a next step, jet-production is investigated, comparing the results of the new algorithm to those obtained in collinear factorisation with on-shell matrix elements, which in the following will be denoted by DGLAP. The DGLAP results have been subject to the following corrections and constraints:
• ordering of final state momenta in rapidity,
• evaluating the coupling weight as i α s k However, without any t-channel reggeisation factor in the DGLAP matrix elements there are still large differences. Applying a t-channel reggeisation weight to the DGLAP calculation results in much smaller discrepancies. The corresponding comparison for the log (k ⊥ )-and ∆y-spectra is shown in Figs. 4 and 5. Due to the formal equivalence of Eqs. (15) and (17) ment is to be expected and can be interpreted as another indication for the validity of the approach. Sizable deviations occur for k ⊥ > 5 GeV, which is due to the fact that the BFKL approach is bound to describe large energy partons only incompletely. In order to verify this, we have reweighted the BFKL matrix elements with the exact matrix element obtained in collinear factorisation. The corresponding correction weight for a 2 → n gluonic Fig. 7 Comparison of log (k b⊥ )-spectra, calculated either using the matrix element given in [6] convoluted with DUPDFs or employing Eqs. (20) and (21) . process reads
where the factor n! occurs due to the rapidity ordering in the BFKL approach and cancels the symmetrisation of the full DGLAP matrix element M gg→ng . Performing this reweighting yields exact agreement between the two approaches.
In a next step, all possible parton splittings in the DUPDFs as well as in the BFKL kernel have been enabled, i.e. Eq. (20) has been employed. As can be seen in Fig. 6 , this results in a significant change of the k ⊥ -spectra of the partons in the high-k ⊥ region, which is mainly due to the fact that quarks from the PDFs tend to have larger energies than the gluons. To examine the additional effect of heavy quark masses, we have compared our results to those obtained in high-energy factorisation along the lines of [6] . For this comparison we have used the full off-shell matrix element convoluted with DUPDFs. Figure 7 shows the log (k ⊥ )-spectra of the heavy quarks in bb-production. The coupling weight in the matrix element of the high-energy factorisation approach has been set to
in order to match the coupling weight in our approach. We obtain reasonable agreement with our calculation for k ⊥ > 2m b , where mass effects beyond Eq. (21) are expected to have less impact on the results. Finally we have compared our results to recent experimental data. Firstly we show a comparison to data obtained by the CDF collaboration [55] . The corresponding pre- diction of jet-k ⊥ -spectra from our MC implementation is shown in Fig. 8 . It fits the data considerably well, both in their shape and their normalisation. Note that no Kfactor has been employed in the calculations. Although we observe a tilt of the distribution, which potentially arises from missing s-channel contributions to quark production, this is a quite remarkable result considering the fact that we employ a modified LO BFKL kernel for event generation. As can be seen in Fig. 9 , deviations are up to ≈50%, which is well within the expected leading logarithmic accuracy. Secondly we compare to the decorrelation observable investigated in Ref. [56] . As can be seen in Fig. 10 our approach does not completely describe the data. However, the deviations are of similar size as in Ref. [29] . We stress that the data have not been corrected to the parton level and therefore correlated and systematic errors might have an impact.
Conclusions
In this publication we have presented a new Monte Carlo algorithm for the description of particle production through the BFKL evolution equation. This has been achieved in a Markovian approach, iterating independent emissions in order to obtain the full BFKL radiation picture. It has been discussed how doubly unintegrated PDFs, obtained from conventional PDFs through the KMRW procedure can be employed as impact factors, retaining essential features of small-x physics encoded in Fig . 10 Comparison of the jet decorrelation observable presented in [56] with D0 data. The full error bars include both statistical and systematic errors, whereas statistical errors are independently highlighted by the smaller error bars.
the BFKL equation. In our opinion, this constitutes an important step towards a more unified event description, which allows to employ conventional PDFs deduced from global fits, rather than specialised parton distributions. The implementation of this algorithm within the framework of a multi-purpose event generator has begun, and first results have been discussed. They indicate that the proposed algorithm correctly reproduces the BFKL features visible in analytical calculations as well as in other MC approaches. The results also show the important effect of a running of the coupling and of kinematical constraints, which go beyond the LO BFKL approach. The realisation of the Markovian algorithm is comparably straightforward. Using DUPDFs obtained from collinear PDFs allows to compare our results for jet production to those obtained in the collinear factorisation approach. We found that we can obtain good agreement between both approaches, even for multi-parton production, when effects that are not present in both approaches, such as tchannel reggeisation and rapidity ordering, are taken into account. In the same framework a model for quark production, which is beyond the LL approximation, has been included and its effect on jet production has been studied. Finally, we found that the new approach is capable to describe the production of high-k ⊥ jets at the Tevatron. This work is a first step towards a unified description of particle production in the regime of high and low transverse momenta, i.e. of jet-and minijet-production. The formalism presented here can be extended to the simulation of multiple parton interactions, which constitute an important part of the underlying event. Also diffractive processes and quarkonia production may be included in the description.
